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A Gonvergent Nonequilibrium
Statistical Mechanical Theory for Dense
Bases. II. Transport Goefficients

to First Order in the Density
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Using the two-body distribution function found earlier by the authors with
the aid of new boundary conditions, the kinetic equation and the transport
coefficients are obtained to zeroth and first order in the density. To zeroth
order we recover the Boltzmann kinetic equation. To first order the resulting
expressions differ from the ones obtained by Choh and Uhlenbeck, due to
effects of the medium.
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1. INTRODUCTION

In earlier papers+¥2 the authors have obtained the first terms in the density
expansion of the two-body distribution function of a dense gas using boundary
conditions different from those proposed by Bogolyubov. It was found that
this virial expansion exists.
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3 Reference 2 will be referred to as I. Here we use the same notation as in I.
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It is the purpose of this paper to use the results found in I in order to
obtain the corresponding kinetic equation and transport coefficients to
zeroth and first order in the density.

To zeroth order in the density we recover the well-known Boltzmann
kinetic equation. ’

To first order in the density we find results that are different from those
obtained by Choh and Uhlenbeck.® This difference is due to the fact that
we start from the convergent density expansion of the two-body distribution
function, obtained in I, which is different from the function used by Choh
and Uhlenbeck. These authors use the function obtained by Bogolyubov.®
The difference in the distribution functions resides in the boundary conditions
used to solve the BBGKY hierarchy. In our case we take into account the
medium, whereas Bogolyubov did not.

In order to evaluate the transport coefficients, we will use general formal
results obtained without using the explicit expression for the two-body
distribution function.®

In a subsequent paper we will present the calculations leading to the
transport coefficients up to second order in the density. It will be shown that
these expressions exist.

In Section 2 we give the basic expressions needed for the calculation of
the kinetic equation and the transport coefficients. In Section 3 we discuss
the approximation to zeroth order in the density and show that the Boltzmann
kinetic equation is obtained. In Section 4 we discuss the solution of the
kinetic equation to first order in the density. In Section 5 we give the explicit
general expressions for the transport coefficients to first order in the density.
Finally, in Section 6 we sum up our results.

2. BASIC EXPRESSIONS

In this section we write down several expressions which will be useful
for our purpose.

The kinetic equation is obtained from the first equation of the BBGKY
hierarchy,
PR

e = PR M

oF,
TS +
where

B(x | ) = n | dxy OuFo(x, x| F) @)

Here n is the particle density, x = (p, q), and £, is the two-body distribu-
tion function as a time-independent functional of F; .
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As usual, we only consider the kinetic equation up to the first order in
the gradients of the system. The kinetic equation then becomes'®

P oK
m o0q

%FTI + = O(x | F,(q) + f dx' &' (x, x' | F(@)q — q) ( oF, )q'_

0q' /gy
A3)
where @(x | F;(q)) is evaluated at the local distribution function Fi(q) and
D'(x, x' | Fi(g)) denotes the functional derivative of @ with respect to F;
taken at the point x” and evaluated for the local distribution function Fi(q).

Using the Chapman-Enskog method to solve Eq. (3), with the intro-
duction of the perturbation function ¢ by means of

F =Fe(1+¢) &

where ¢ represents the linear nonuniformities in the macroscopic variables
and F¢ the local equilibrium single distribution function, one obtains a
unique solution in the form

olné
oq

¢ — g LY sy o :g—: B ;—q a G

The notation used is explained in Ref. 5. The functions ¢, =7, and %
satisfy certain integral equations’® whose kernels contain the function F, .
Having determined the functions ¢, ./, and %, one can then obtain the
transport coefficients.

It should be mentioned that the results quoted above were obtained
without any recourse to a density expansion. Therefore they are valid to all
orders in the density.

If we now make a density expansion of F,

F | F) = 3 aF0C | By 0)

where the first F{" were explicitly obtained in I, one obtains density expansions
for @ and the functions ¢, &7, and # as follows:

D = i nl(p(l) (7)
=1

G — (Un) G5 + Gy + n%; + ®)

S = (Ufn) sty + oty + nsy +- - ©)

and
B = (1jn) By + By + nH, + - (10)
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The various functions appearing in the right-hand sides of Eqgs. (7)-(10)
satisfy certain integral equations which we will discuss in the following
sections.

3. KINETIC EQUATION AND TRANSPORT COEFFICIENTS
TO ZEROTH ORDER IN THE DENSITY

In order to find the kinetic equation to zeroth order in the density, one
uses the value of Fi{® obtained in I, namely

2
FCey, x5 | Fr) = Ty, %) S, x0) [ Bl s 1) an
=1
Substituting this expression into Eq. (2), comparing with Eq. (7), and
substituting into Eq. (1), one finds that the kinetic equation to zeroth order
in the density has the following form:

oF, | p . oF

Bt Tm g f dxy 012150, 42) (@, P2) Fi(Q, 05 1) F2(@, 25 7). (12)

In this expression the operator % , as is indicated, now acts only on the
momenta. Proceeding as usual, we find that the right-hand side of Eq. (12)
can be written as follows:

r.hs. = f dps g f db b f de f Al Ty, N@/0D[Fya, P, ; 1) Fi(g, Py ; )] (13)

Here the g@,-integration was changed to an r,, = ¢, — q, integration,
and this was done in cylindrical coordinates with the third axis in the direction
of the relative velocity g = (p, — p,)/m. The coordinate along the third axis
is denoted by / and the polar coordinates perpendicular to this axis by b and e.
In (13)

P,=9p,, i=12 (14

The integration over / can be written as
l

[” @i, peene-1 = |

1=—1,

[ dl(a/al)[] — [,,_]l=lo

where [, is the correlation length to zeroth order in the density. Finally, one
obtains that the kinetic equation to zeroth order in the density is

:fdngfdbbfde
X [Fy(q, ps's 1) Fi(q, po's ) — Fu(q, p; ) Fa(g, P2 )] (15)

o,

oF, P .
Bt T m oq
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where p;” denotes the momenta after the collision. Equation (15) is the usual
Boltzmann equation. It should be mentioned that the potentials we are
considering are strongly repulsive ones.
As is well known, the solution of Eq. (15), to linear terms in the gradient,
is
By =F(1 + (IBB) (16)
with

b5 = GuP « [(Inh)|oq] + Az P°P : u)iq (17)

where %, and =7 are solutions to well-known integral equations.’® The
transport coeflicients obtained from Eq. (17) have already been obtained
for different intermolecular potentials® and found to be independent of
density.

‘We have thus shown that using the new boundary conditions discussed
inT in order to solve the BBGKY hierarchy, we recover the usual Boltzmann
equation for the dilute gas and the corresponding well-known transport
coefficients to zeroth order in the density.

4. SOLUTION OF THE KINETIC EQUATION TO
FIRST ORDER IN THE DENSITY

To first order in the density the solution of the kinetic equation is'®
o = G2 - [0 0)]oq] + PP : (Gujoq) + By(2]og) *u  (18)

where the functions ¥, , «7,, and %, satisfy the following set of integral
equations:

vy T ,
2 105,015 — [ e &0, x| B@) 0D (g — 3) @ — 0)

+ [ dp &V, v | F@) B®) 2%
= [y &V, p | B 2UF@) %, (192)

[ dy &0,y | Fe@) o) 2 7y

1 s v 7 e (e} e i
— 5 [ & &, x| FA(@) SSF®)
— — [ & &, p | F@) B0) 277 o, (19b)

822/8[2-5
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Rl mm - S

I ’ 4 ' e 4 ’ e ’
— 35| & ¥ ¥ | K@) 27 (@ — D) W)
— — [ &y &V, b | @) K@) %o (19)
with the subsidiary conditions given by

[l PE®dp =0 0)

Using Egs. (26) and (29) of 1 for F{® and F{", respectively, one obtains
that the functional derivatives of @ with respect to F; are, to zeroth order
in the density,

&O%x,, x| B Bp)

[ dxy 01 To(@r » @) Flx1 5 %) ) Fye (e, — %) + 8(x, — )]
1)

@/(0)(351 P F) ()
= [ dx, 0,1, ) Faxr , %) FoGe) Feo) 3 — B) + 8z — P))
(22)

and to first order in the density,

& Oxy 0 | R FE®) = [ dxy 0o @1 » @) Flox1 > o) Fif0) Fif(xo)
X [6(py — p') + &(p. — P)I}
+ f dxy Ox(x1 , X5 , X5) F19(x1) F1(x5) F1(x5)

X [8(py — 1) + 8(p. — ) + S(ps — p)] (23)

The operator @(x; , X, , x3) is defined in 1.
Substituting Eqs. (21)-(23) into Egs. (19) and performing the usual
calculations, one finds that the equation for %, has the form

x@) 2 (L 08) + By (g —3) + BB + L) + A@)] = Co@%y)

(24)
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where
X(@)(P/m) B(p))

= [ @ 8ugl (0. 0) S D XCI XY@ Y, 2520 @9
X@)(@/m) Apy)

— [ dxs 81y [ dxy Oy(x1 s x5, x9) X (@) X(0) X(po) i PGP (26)
and
X (@)@ /m) L(p,)

= fdxz 01515(01 » @) F5(x1 , X)W/ U(FS? — ZD)2m0) X(p) X(p2)  (27)

F(p) = nX(p) (28)

The operator Cy appearing in Eq. (24) is the usual linearized Boltzmann
operator given by®

Colh) = [ [ dp, d2 I(g, &) X@)IA®) + h(ps) — h®) — hpo)]  (29)

In Eq. (24) B, is the second virial coefficient.

The function %, obtained from Eq. (24) has to satisfy the subsidiary
conditions (20).

The equation for <7, is given by

[X(p)/m0] Z°2[B, + I'(p) + M(p) + N@)] = Ca@'Ps4)  (30)

where
[X(0)/m6)(P°P), M(p)

= — [ dx, 01,8 (@, 8) Hx1, x) X (o) X(pz)i_il @°P); H(PH) (1)
(1/m) X@)@°P); [B; + T(py)]

— [ dxy Bl 0 Fls 2 5 X@) X0 3, (S°S), )
and -
[X(po)/mb)P°P), N(py)

— — [y bro [ iy Oy, %2, 23) X(p1) X(2) X(po) Zi(@"@)i (P2

(33)
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The function &, does not have to satisfy any subsidiary condition.

Using the same arguments as given by several authors,® we also find
that the bulk viscosity vanishes to first order in the density.

One can, in principle, solve the integral equations (24) and (30) for the
functions %, and 7, , respectively. This requires the use of an intermolecular
potential. In forthcoming publications we will present the solutions of these
integral equations for different molecular models. For the time being, we
will assume that the functions %, and 7, are determined.

5. TRANSPORT COEFFICIENTS TO FIRST ORDER IN
THE DENSITY

The transport coeflicients to first order in the density were obtained
without any reference to the explicit form of F,.®® Substituting in these
expressions the F{ given by Eq. (29) of I, one finds that the thermal con-
ductivity A is, to first order in the density,

AV = 0F + AR + A% (34)
with
AP — —(1/6m?0) [ dp 7*X(p) Fo(2) (35)
A = —(/12m8) [ dx, dpy ¥+ (P A+ P (O] T > 42
X o, , %) X(py) Xpolr - 2 PGP (36)
and

A = (1j6mb) [ dx, dp; ¢(r) Tolas  0)

X Py Fxy s %) X(0) X(B2) Y, #:i96(PF) (37

i=1

Analogously, the shear viscosity % to first order in the density is given by

n(l) _ ,m((l) + 7)2:1> (38)
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with

02 = —(1/15m) [ dp PX @) H(P*) (39)

7 = —(1)20) [ dx, dp,l'(r)/r] Tofar » 9
X Fxy,30) X@) X@D) Y [0 P — P2 A2 (40)

The bulk viscosity, to first order in the density, vanishes.

6. CONCLUSIONS

In this work we have shown, that using the results obtained in 1 with
the new boundary conditions, one recovers the usual Boltzmann kinetic
equation for the dilute gas.

We also give general expressions for the transport coefficients to first
order in the density.

It can be seen from the results in Section 4 and 5 that the transport
coefficients to first order in the density are different from the results obtained
by Choh and Uhlenbeck® using the boundary conditions proposed by
Bogolyubov. In fact, first of all, the integral equations for ¢, and .7, [Eqgs.
(24) and (30)] have the same formal structure as the equations obtained by
Choh and Uhlenbeck. However, the left-hand sides of the equations are
different. The difference lies in the fact that in our expressions the medium is
taken into account, and appears through the factors I' and g¢.

Moreover, the integrands of the expressions for the transport coeflicients
[Egs. (34) and (38)] also differ from the ones obtained by Choh and
Uhlenbeck, for the same reason as given above.

Finally, we would like to mention that we have obtained general ex-
pressions for the transport coefficients to second order in the density, and
these will be presented in a subsequent publication.
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